
Abstract
The liquid bridge is considered a good means to maintain capillary continuity between overlying matrix blocks if 
its stability in fractures is preserved. Despite several studies focusing on the liquid bridge in different environments, 
little attention is paid to dig through a single liquid bridge between thin sections of minerals found in fractured 
reservoirs. In this study, a set of experiments was conducted to investigate liquid bridge stability and surface profile 
for different values of liquid volume and surface wettability conditions. It is found that critical fracture aperture 
is linearly proportional to the contact angle and to the third root of liquid volume, which is depicted by a newly 
developed expression. An accurate method for computation of capillary pressure of liquid bridge (known as fracture 
capillary pressure) from the experimentally determined interface profiles, based on the numerical solution of the 
Young-Laplace equation, is proposed. Following the Plateau sequence, both nodoid and unduloid shape bridges are 
observed with an increase in fracture aperture, corresponding to positive and negative fracture capillary pressure, 
respectively. It is interesting to note that instability of liquid bridges occurs at small negative values of capillary force 
where some attraction force exists between fracture faces. By applying a 1D mathematical model of liquid dripping, 
a modified expression for the prediction of critical fracture aperture is proposed, including fluid and flow-related 
parameters. The findings of this study help to better incorporate the role of liquid bridge and corresponding fracture 
capillary pressure in capillary continuity in fractured porous media.

Keywords: Liquid Bridge, Capillary Bridge, Capillary Continuity, Critical Fracture Aperture, Fracture Capillary 
Pressure, Experimental, Theoretical.
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Introduction
Predicting the gravity drainage performance in 
naturally fractured reservoirs using the assumption of 
independent matrix blocks is far from reality. Block to 
block interaction affects the recovery rate and ultimate 
recovery of gravity drainage through re-infiltration 
and capillary continuity phenomena. Both phenomena 
are controlled by the geometrical and petrophysical 
properties of the matrix and fracture media and oil and 
gas properties. Reinfiltration of drained oil from upper 
matrix blocks into the lower ones has been investigated 
by both experimental and modelling studies [1-5]. On 
the other hand, establishing capillary continuity between 
a stack of matrix blocks improves the ultimate recovery 
due to the enhanced effective height of the oil column. 
The liquid bridge formation in the fracture is believed 
to be a promising way to establish capillary continuity 
between overlying matrix blocks. When a liquid body 
is introduced in the space between two solid surfaces 

or between a solid and a liquid surface, a liquid bridge 
might be formed, provided that the spacing between 
solid bodies is sufficiently small [6]. This phenomenon 
is pertinent to many scientific and industrial applications 
such as experiments with atomic force microscope [7-
12], medical and cell culture science [13-15], studies of 
granules [16-19], particle adhesion [20-22], nanoscale 
applications [23, 24], and water saturation in soil [25-
27] as well as oil recovery from fractured reservoirs [28, 
29]. Although several authors investigated liquid bridges 
with the aid of experiments and theoretical models, little 
attention has been given to the liquid bridge formation, 
stability, and related characteristics and its contribution 
to maintaining capillary continuity in fractured porous 
media. The liquid bridge could also affect reinfiltration 
process since it provides a path of liquid transfer between 
neighboring matrix blocks. The solution of Young-
Laplace equation was applied to propose a theoretical 
model for fracture capillary pressure in the 
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presence of liquid bridges by Firoozabadi and Hauge 
[30]. Fracture capillary pressure curves were presented by 
assuming different fracture geometries by them. Firoozabadi 
and Markeset [3] monitored the process of liquid bridge 
formation and breakage inside the fractures in the course 
of gravity drainage experiments of stacked blocks. They 
reported that liquid bridges in the upper fractures become 
unstable earlier than the lower fractures. Based on the 
results of their laboratory experiments of gravity drainage, 
it has been argued by Sajadian et al. [4] that when fracture 
aperture is less than a critical value, liquid bridges are 
formed and then effective capillary continuity is provided.  
The stability of liquid bridges in fractured porous media at 
the pore scale using a glass micromodel representing a stack 
of two blocks was studied by Mashayekhizadeh et al. [31]. 
They investigated the stability and frequency of the liquid 
bridges versus time and at different tilt angles. Dejam and 
Hassanzadeh [32] proposed a model describing the elongation 
and subsequent breakup of a liquid element suspended from 
a horizontal surface. Their work could depict the formation 
process of liquid bridges but not the bridge characteristics 
after its formation. found a relationship between the net 
capillary force, contact angle, and liquid bridge volume 
to examine the stability of a liquid bridge between two 
horizontal plates in the absence of gravity was found by 
Dejam et al [33]. A map by combination of a range of values 
of contact angle and dimensionless liquid bridge volume to 
display three possible regions, namely: liquid bridge break-
up, liquid bridge formation and nonexistence was developed 
by them. Furthermore, free surface flow equations and the 
concept of minimum Gibbs free Energy to analyze the static 
stability of liquid bridge in fractures were applied by Miri et 
al [34]. They found a relationship for critical length of liquid 
bridge as a function of pore throat size. In addition, models 
of rough-walled fractures representing different geometrical 
characteristics of natural fractures were introduced by Harimi 
et al [28]. Then, they presented a comprehensive analysis 
of liquid bridge stability and related capillary pressure in 
the proposed rough-walled fracture models. Furthermore, 
mathematical expressions for the prediction of liquid bridge 
stability and fracture capillary pressure as a function of 
liquid saturation, fracture aperture and surface roughness 
and wettability conditions are proposed. A “3D-fracture, 
2D-matrix” micromodel for visual analysis of liquid bridge 
in gas-liquid gravity drainage process was utilized by Bina 
et al. [35]. Also, they emphasized the validity of the Young-
Laplace equation to evaluate fracture capillary pressure. 
More recently, a mathematical model to describe the required 
conditions for liquid bridge formation from dripping liquid 
threads in fractures was applied by Harimi et al. [36]. They 
found out that the fracture capillary pressure in the presence 
of a liquid bridge is considerably greater than that of 
suspended liquid drops. 
To determine whether a stable liquid bridge could be formed, 
the concept of maximum or critical rupture distance is 
helpful. The critical rupture distance aperture is defined as the 
maximum value of the distance between the solid substrates 
that an embedded liquid drop with a given volume may 
form a stable liquid bridge. Similarly, in the liquid bridges 
in natural fractures, critical fracture aperture refers to the 

maximum fracture aperture that could retain a liquid bridge. 
The curvature of the gas-liquid interface of the liquid bridge 
induces a pressure difference across the interface, which is 
known as capillary pressure [37]. 
This capillary pressure affects the total capillary force 
between the solid bodies supporting the liquid bridge, 
which is important in several processes related to partially 
wetted particles. Due to the existence of a liquid bridge, 
capillary pressure controls the fracture capillary pressure 
that quantifies the degree of capillary continuity between two 
matrix blocks embracing the fracture. Numerical simulation 
results of Dindoruk and Firoozabadi [38] revealed that 
the least capillary pressure contrast between fracture and 
matrix produced the highest amount of oil from matrix 
blocks. Furthermore, the role of fracture capillary pressure 
models on the oil recovery by applying fine-grid numerical 
simulation was analyzed by Dejam [39]. They found that 
both constant and saturation-dependent fracture capillary 
pressure improves ultimate recovery compared to zero 
capillary pressure. Still, the amount of recovery enhancement 
depends on the capillary pressure model. According to the 
importance of fracture capillary pressure, vigorous methods 
are required to predict this parameter, as highlighted in the 
abovementioned studies. 
Evaluation of critical fracture aperture and fracture capillary 
pressure, as the two important features of the liquid bridge 
for application of our interest, is the main goal of this study. 
To this end, a laboratory setup is designed to create and 
visualize micro scale liquid bridges between two parallel 
plates, representing the faces of a horizontal fracture. 
Several experiments were conducted, and the results were 
analyzed with mathematical formulations to obtain the 
desired characteristics of the liquid bridge. Furthermore, 
mathematical formulations are applied to interpret the 
desired characteristics of liquid drops and liquid bridges 
from experimental results. 

Materials and Methods
In this section, the experimental setup and procedure are 
presented first. Then, the methods of numerical analysis of 
experimental data as well as evaluation of fracture capillary 
pressure by a novel scheme is discussed. 

Experimental Setup and Materials
An experimental setup was designed to observe and measure 
the characteristics of liquid bridges at the micro scale. A 
detailed schematic diagram of the setup is shown in Figure 
1. This setup is mainly made up of two plates attached to 
a mainframe. A rectangular blank is inserted on each of the 
plates to install the desired solid substrates, including glass 
and thin sections of porous rock. The solid substrates must 
be cleaned with proper solvents and dried accordingly before 
every test. The lower plate is stagnant, but the upper one is 
movable, and it can do a vertical translation with an accuracy 
of 4 micrometers. A D-SLR D90 Nikon digital camera 
equipped with a macro reversing ring was used to capture 
images and check the parallelism of inserted solid substrates. 
A light source is included to obtain sufficient contrast to 
visualize the liquid bridge. 
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Fig. 1 Schematic of the apparatus.

Experimental Procedure
The aim of the conducted experiments is to investigate 
the stability and some characteristics of the formed liquid 
bridges. The obtained data are then used to determine critical 
fracture aperture and fracture capillary pressure pertinent to 
capillary continuity in fractured porous media. To create a 
liquid bridge, a drop with a specified volume is placed on 
the lower plate using a micropipette with an accuracy of 
0.5 microliters. Then, the upper plate is lowered toward the 
drop until a liquid bridge is formed. After creating the liquid 
bridge, the upper plate is moved upward slowly in several 
steps, and images of the liquid bridge are recorded at each 
step. This process continues until the breakage of the bridge. 
The liquid bridge formed during the described procedure is 
called a "static" liquid bridge which refers to the inexistence 
of dynamic effects. In other words, no liquid flows through 
the bridge and sufficient time is given to the bridge after 
each change in fracture aperture to stabilize any motions. 
These static conditions usually conform to the behavior of 
naturally fractured carbonate reservoirs due to their low 
matrix permeability and, in consequence, small drainage 
rates. Thereafter, the role of viscous force on the stability 
and capillary pressure of the liquid bridge is usually a trial. 
In Table 1, the description of the conducted experiments is 
provided. The liquid bridge volume formed in fracture could 
be conceived as a measure of liquid saturation in fracture 
during the gravity drainage process. Hence, a sensitivity 
analysis of the effect of liquid volume on the stability and 
capillary pressure of the bridge is helpful. According to 
Table 1, glass slides were used as substrates in the first set of 
experiments as a base case, representing smooth water-wet 

sandstone surfaces. However, porous materials made from 
carbonate minerals, commonly found in naturally fractured 
reservoirs, had better be used as representative of natural 
fractures. In this respect, thin sections of calcite were used as 
solid substrates in the next set of experiments. In addition, to 
evaluate the role of surface wetness on the stability and other 
features of liquid bridge, two experiments were conducted 
using calcite sections treated with a mixture of crude oil and 
stearic acid. It has been shown that this treatment tends to 
shift the liquid wetting of the surface toward a gas wetting 
state [40, 41]. The measured equilibrium contact angle of 
water drop on a glass slide, calcite and treated calcite are 
46, 61 and 76 degrees, which the values show water-wet, 
weakly water-wet and neutral wet conditions, respectively. 
To ensure the experimental repeatability and diagnose any 
possible fault in the experimental procedure, tests # 3 and 7 
were repeated two more times.

Evaluation of Liquid Bridge Characteristics
An open-source image processing software, ImageJ®, was 
applied for extracting geometrical characteristics of the 
liquid bridge, i.e. length (fracture aperture), neck radius, 
and gas-liquid-solid contact radius from captured images, as 
shown in Figure 2. Since, in each test, the fracture aperture 
increases stepwise until the rupture of the bridge, the final 
fracture aperture just before rupture is considered the critical 
fracture aperture. To compute capillary pressure from liquid 
bridge interface profile, a new numerical procedure has been 
proposed based on the exact solution of the Young-Laplace 
equation, as depicted in the next section. 

Table 1 Details of conducted static liquid bridge experiments.

Test # Solid Substrate Liquid Volume (μl) Initial (equilibrium) contact angle

1 Glass 5 46

2 Glass 10 46

3 Glass 20 46

4 Calcite 5 61

5 Calcite 10 61

6 Calcite 20 61

7 Calcite treated by stearic acid 5 76

8 Calcite treated by stearic acid 10 76
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Fig. 2 Schematic profile of liquid bridge.

Fracture Capillary Pressure 
Young-Laplace Equation, known as the basic equation of 
capillarity, states that the mean curvature of a free meniscus 
is proportional to the pressure drop across the meniscus 
interface. According to the Young-Laplace equation, the 
capillary pressure of a meniscus is controlled by its two 
principal radii of curvatures [37].
Two types of liquid bridge, namely θ-bridge and r-bridge, 
were distinguished by Fortes et al. [42]. In the former one, 
the solid contact radius is controlled by the contact angle and 
volume of the liquid bridge. In contrast, for the r-bridge types, 
the contact radius is fixed, but the volume of the bridge adapts 
to the contact angle. For the application of our interest, i.e. 
formation of the liquid bridge in fractures between overlying 
matrix blocks, the size of the liquid bridge is considerably 
smaller than the surface area of a matrix block. Hence, only 
θ-bridge are expected to appear in fractures. The following 
equation for obtaining the interface profile of liquid bridge, 
z(r), based on the Young-Laplace equation, was derived by 
Fortes et al. [42]:

0

2 0.5( ) ( )[1 ( )]
R

R
Z R f R f R dR−

∫= −                                            (1)

where f(R) is defined as follows:
2

0 0( )
R R

f R R
R

β
β

+
= −

                                                       (2)

where dimensionless parameter β is defined as 2
c c

P rβ σ= . 
In this equation, rc is the radius of the three-phase contact 
line, Z=z/rc and R=r/ rc are dimensionless coordinates, R0 is 
dimensionless neck radius, Pc is capillary pressure, and σ is 
surface tension. All required data for Equations 1 and 2 except 
capillary pressure are directly determined from digitized, 
recorded images. To find the accurate capillary pressure 
for a liquid bridge with known profile, a new procedure 
is developed, as described in Figure 3. According to this 
procedure, an initial value of capillary pressure is guessed, 
and the profile of the liquid bridge is obtained from Equation 
1. Then, it is compared with the experimentally determined 
profile. The toroidal approximation can be applied to make 
a reasonable estimate of capillary pressure. Suppose the 
guessed value did not lead to a reasonable match. In that 
case, the value of capillary pressure is iteratively modified 
to improve the match between the numerically calculated 
and experimentally determined profile of liquid bridge. The 
obtained value of capillary pressure at the end of this iterative 
process is a reliable prediction of fracture capillary pressure 
that conforms to experimental results and satisfies the exact 
solution of the Young-Laplace equation.

Results and Discussions 

Liquid Bridge Profile
As mentioned in section 2, the liquid bridge images are 
recorded to extract different features of the liquid bridge. The 
sequential photographs of the liquid bridge with increasing 
fracture aperture are depicted in Figure 4. The rightmost photo 
in each row shows the liquid bridge in critical condition, i.e. 
just before rupture. Analysis of the evolution of neck radius, 
contact radius, instantaneous contact angle and interface 
profile of liquid bridge are extractable features of the liquid 
bridge for different uses. For the application of our interest, 
i.e. capillary continuity, the curvature of the interface profile 
of the liquid bridge that determines the capillary pressure is 
the most important one.   

Fig. 3 Flowchart of the proposed method to calculate the fracture capillary pressure from experimentally measured profile of liquid bridge.
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Fig. 4 Sequensive images of liquid bridges with increasing fracture aperture until rupture.

In Figure 5, the variation of neck radius by increasing fracture 
aperture for different surface wetness conditions. Each plot 
corresponds to a given volume of the liquid bridge, and the 
rightmost point in each curve denotes the neck radius and 
fracture aperture just before rupture. Treatment of calcite 
with a solution of stearic acid in chloroform is successfully 
applied to obtain a hydrophobic surface. By increasing 
contact angle, the curves are slightly shifted to the right, 
meaning that lower surface wetness remediates the reduction 
of neck radius due to increased fracture to some extent. This 
observation was previously noted in the modelling results of 
Harimi et al. [28]. As a result, greater values of contact angle 
lead to an increase in the critical fracture aperture. Moreover, 
it can be observed that there is a critical value for the neck 
radius at the moment of instability of the liquid bridge, and it 
does not approach zero at the rupture moment. 
In Figure 6, the repeatability of some experimental results is 
illustrated. As indicated in this figure, the evolution of neck 
radius by increasing fracture aperture is identical for three 

different runs, which assures us about the precision of the 
experiment and data acquisition procedure.    

Critical Fracture Aperture
Critical fracture aperture could be considered an important 
measure to estimate the significance of capillary continuity 
in a fractured porous media. Comparing the critical fracture 
aperture with the distribution of average fracture aperture 
in the reservoir reveals whether liquid bridge formation is 
expectable or not. In Figure 7, the role of contact angle and 
liquid volume on the experimental measurements of critical 
fracture aperture is illustrated. It can be seen that critical 
fracture aperture increases linearly with contact angle. As 
noted in the previous section, with increasing contact angle, 
the liquid is partly shifted from supporting plates to the 
center of the bridge. As a result, the neck radius gets thicker 
by increasing the contact angle, enabling the bridge to be 
stable at greater values of fracture aperture.
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Fig. 5 The effect of liquid volume on the evolution of neck radius with increasing fracture aperture in constant wettability state (Volume and 
contact angle are in µL and degree, respectively.)

Fig. 6 Repeatability check for two tests.

On the other hand, critical fracture aperture is almost 
proportional to the third root of liquid bridge volume at a 
given contact angle. For the case of a liquid bridge between 
two spheres, Lian et al. [43] presented an expression that 
relates dimensionless separation distance to the third root of 
dimensionless bridge volume. This functional relationship 
between critical fracture aperture, liquid bridge volume 
and contact angle inspired us to derive a mathematical 
relationship for the case of the liquid bridge in horizontal 
fractures, i.e. bridge between smooth plates. According to 
the obtained experimental dataset, the following expression 
is proposed for predicting the critical fracture aperture. The 
constant values are determined from the best regression fit 
(R2=0.929).

1 30.46(1 1.37 )
c

b Vθ= +                                                        (3)
where θ is the contact angle (in radian) and V is the drop 

volume (µL). Computed values of critical fracture aperture 
from Equation 3 and experimentally measured values are 
shown in Figure 8, indicating a great match. If adequate 
information about geometrical features of the fracture system 
is available, Equation 3 could be utilized for fast screening 
the probability of liquid bridge formation in that reservoir. 
This helps us recognize whether the liquid bridge is the 
dominating mechanism of fracture capillary pressure or not. 
Otherwise, direct contact of matrix blocks and film formation 
over non-porous materials in fracture are alternatives to 
control fracture capillary pressure. It is worth mentioning that 
Equation 3 is derived using a limited number of experimental 
data, i.e. eight data points after excluding repeatability tests. 
Hence, supplementary experiments might be required to 
adjust the values of regression coefficients, i.e. 0.46 and 1.37.

Fig. 7 Critical fracture aperture as a function of: a) Contact angle in a constant liquid bridge volume and b) Liquid bridge volume in a 
constant contact angle.

46
61
76
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Fig. 8 Comparison of the experimentally measured critical fracture 
apertures with the calculated values using Equation 3.

Fracture Capillary Pressure 
As described earlier, a new method is used to calculate 
fracture capillary pressure from the digitized interface profile 
of liquid bridge photographs. Figure 9 shows examples of 
an acceptable obtained match between the measured profile 
of the bridge and the numerically computed profile used to 
calculate the capillary pressure of the liquid bridge from 
its profile. This approach shows the capillary pressure for 
the liquid bridge with given liquid volume, aperture and 
wettability condition from its observed interface profile. 
The advantage of this method is to use the exact form of 
the Young-Laplace equation instead of the well-known 
approximation method, e.g. toroidal approximation. The 
calculated capillary pressure of the liquid bridge could be 
attributed to the fracture's capillary pressure, including the 
bridge.
Figure 10 presents the evolution of fracture capillary pressure 
with an increase in fracture aperture for different surface 
wettability conditions and liquid volumes. Initially, positive 
values of capillary pressure are found for lower fracture 
apertures. Then, by increasing fracture aperture, i.e. wider 

Fig. 9 Examples of an acceptable match between experimental and 
model interface profile of liquid bridge.

Fig. 10 Fracture capillary pressure versus fracture aperture: (a) role of contact angles and (b) role of liquid volume.

fractures, a transition from positive to negative capillary 
pressure is observed. This observation is in accordance with 
the results of Plateau [44], who distinguished the shapes of 
the capillary bridges by decreasing capillary pressure. Three 
shape sequences of the liquid bridge, which have a neck, 
namely nodoid with neck, catenoid and unduloid with neck, 
were introduced by Plateau [44]. As can be seen in Figure 10, 
the presence of a neck in a liquid bridge does not necessarily 
mean a positive capillary pressure. Figure 10b indicates that 
for greater values of liquid volume in fracture, the stability 
is improved, and the fracture capillary pressure increases to 
some extent. 
However, it seems that this trend might reverse in lower 
fracture apertures. In other words, in thicker fractures, 
capillary pressure increases with an increase in bridge volume 
while in thinner aperture such trend is not observed. On the 
other hand, fracture capillary pressure decreases sharply 
with increased fracture aperture in all cases. Furthermore, 
it can be seen that contact angle does not affect fracture 
capillary pressure noticeably. However, this argument must 
be validated for a wider range of wettability conditions.  

46
61
76
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The abovementioned method for deriving the capillary 
pressure of a liquid bridge from its profile is based on the 
numerical solution of the exact form of the Young-Laplace 
equation. Instead of the exact solution of the Young-Laplace 
equation, several authors used a toroidal approximation to 
obtain simple relationships to determine the liquid bridge 
interface shape and capillary force. By this approximation, 
the surface of the liquid bridge is fitted on an arc of a circle. 
Hence, the meniscus is described as a part of a toroid [45]. In 
some cases, like nodoid shape liquid bridges, when the contact 
angle is between 70 to 90 degrees, the toroidal approximation 
equals the exact profile of the liquid bridge. The outer radius 
is determined by applying toroidal approximation by passing 
a circle from the neck radius and the two contact radii. On 
the other hand, there are some ambiguities in the definition 
of the inner radius in the published literature. The three 
common definitions for the inner radius are: c

i

r r =
sinθ

, ri=rc 
and ri=r0 . The first and the third definitions correspond to 
the maximum and minimum possible values of the inner 
radius, and the second one is considered an intermediate 
value. Figure 11 compares the capillary pressure computed 
by the Young-Laplace equation with capillary pressure 
estimated by toroidal approximation using three definitions 
for inner radius. According to Figure 11, the differences 
between approximate and exact solutions are small, but with 
an increase in fracture aperture, the deviation of approximate 
solutions from the exact ones is accentuated. 
Since none of the above-proposed approximations of inner 
radius could reasonably predict the actual capillary pressure, 
the definition of a new inner radius could be helpful. The 
following functional form might be used:

*
0

(1 )
i c

r r rα α= + −                                                          (4)

where α is a regression coefficient ranging between 0 and 1. 
Using the newly defined inner radius and obtained capillary 
pressure values, an alpha coefficient was found for the 
best fit between obtained capillary pressure and toroidal 
approximation. Figure 12 shows the calculated α coefficient 
versus dimensionless capillary pressure, where it is defined 
as Pc r0/2σ. Two distinct shape zones are separated according 
to the shape sequences of Plateau [44], namely nodoid and 
unduloid. For lower values of fracture aperture, nodoid-
shaped liquid bridges are observed, whereas, by increasing 
fracture aperture and consequent decrease in capillary 
pressure, a transition to the unduloid-shaped bridge is seen. 
In nodoid zone, the α coefficient is almost one, but with 
switching to unduloid zone, α decreases. For the application 
of our interest, i.e. capillary continuity in fractured reservoirs, 
only the formation of a nodoid with a neck might be helpful 
due to positive capillary pressure. Other types of liquid 
bridge shape, i.e. catenoid (with zero capillary pressure) 
and unduloid (with negative capillary pressure), correspond 
to larger fracture apertures and are considered inefficient 
for capillary continuity. In addition, the unduloid-shaped 
liquid bridge spans a small range in Figure 12, which reveals 
that negative values of capillary pressure are relatively 
small because liquid bridges de-stabilize before reaching 
significant negative values. Hence, according to Figure 12, 
for thin fracture apertures, α=1 could be a good estimation 
for calculating the inner radius of curvature in Equation 4.

Fig. 12 α coefficient as a function of dimensionless fracture capillary 
pressure.

Capillary Force of Liquid Bridge
The formation of a liquid bridge between two solid bodies 
creates an attraction force between the solid supporting 
bodies. Different stability regions of the liquid bridge were 
distinguished based on the values of net capillary force by 
Dejam et al. [33]. Net capillary force is a sum of contributions 
from surface tension and fractures capillary pressure, and it 
was calculated by using the following expression [45]:

2
0 0

(2 )
c c

F r r Pπ σ= − +                                                           (5)

Negative and positive values of Fc illustrate the state 
of attraction and repulsion between the two supporting 
plates, respectively. The capillary force between two plates 
versus fracture aperture for constant wettability and liquid 
bridge volume is shown in Figure 13. It could be seen that 
surface tension causes attraction between two supporting 
plates, whereas capillary pressure might impose attraction 
and repulsion for positive and negative values of capillary 
pressure, respectively. Due to negative values of capillary 
pressure, the repulsion force occurs in thicker apertures, very 
near to rupture. As a result, the absolute value of repulsion 
force due to capillary pressure is trivial. In addition, the 
net capillary force was negative for all apertures, so the 
formation of liquid bridges is accompanied by the attraction 
between the plates. In Figure 13, it is also demonstrated 
that the liquid bridge instability occurs when still a small 
amount of attraction is present between solid substrates. 
Then, in thicker fractures, although the fracture capillary 
pressure is zero or negative, the existence of a liquid bridge 
imposes an attraction force. The role of this attraction force 
on the capillary continuity needs further investigation. 
Theoretically, negative fracture capillary pressure tends to 
increase the pressure of the oil phase in the fracture hindering 
the oil drainage from the matrix block and provoking re-
imbibition of oil into lower matrix blocks. Therefore, a liquid 
bridge with negative capillary pressure has no positive effect 
on maintaining capillary continuity, but it could promote 
liquid reinfiltration.

Prediction of Liquid Bridge Formation
The formation of a liquid bridge inside a horizontal fracture 
requires that the draining liquid drop from the upper matrix 
block reaches the lower surface of the fracture before rupture. 
The formed liquid bridge will be stable in the fracture if 
stability conditions are satisfied according to Equation 3, as 
presented in the section “Critical Fracture Aperture.” 
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Fig. 13 Liquid bridge capillary force versus fracture aperture for different values of contact angle and liquid volume.

This equation only evaluates the stability of a formed liquid 
bridge inside the fracture, but it does not involve flow-related 
parameters, including liquid influx rate from the upper matrix 
block into the fracture and liquid viscosity. This section 
applies a mathematical model of one-dimensional elongation 
of liquid threads to develop relationships for better prediction 
of liquid bridge formation, including dynamic flow 
parameters. 
A one-dimensional axisymmetric model was developed for 
a growing liquid drop dripping from a narrow tube until 
rupture by Wilson [46]. This model holds gravity, viscosity, 
and surface tension forces, ignoring inertia and assuming 
a constant influx rate. Wilson derived an equation for the 
breakage time, tc, that could be used to find the maximum 
volume of liquid drop before rupture as: V=Q.tc. However, 
this equation is implicit in breakage time, and therefore, it 
needs to be solved iteratively by numerical methods. As an 
alternative, the following approximate solution could be used 
to estimate breakage time:

Dc
t =(3 +0.42)δ                                                                   (6)

where tDc
 is dimensionless breakage time, / ( 0 / )

cD c
t t A gQµ ρ=  

and δ is a dimensionless parameter defined as δ= 
/ / (9 ).gQσ π µρ . A similar, but not the same, the relationship 

was also previously proposed by Dejam and Hassanzadeh 
[32]. As shown in Figure 14, dimensionless breakage time 
could be accurately predicted by the proposed approximate 
solution. Now, using Equation 6, the following equation is 
obtained for predicting the maximum (or critical) volume of 
liquid drop before rupture:
                                         

0.5 0.50( ) (3 ( ) 0.42)
9c

A
V Q

gQ gQ

µ πσ
ρ µρ

= +                                      (7)

Fig. 14 Exact and approximate solutions of dimensionless 
rupture time, tDc

The above equation could be rewritten in terms of 
dimensionless Bond number (Bo) and Capillary number 
(Ca), as follows:

                                                                                                (8)0.5 31( ) 0.42( ) )
c c

CaV r
Bo Bo

π= +
     
Where the dimensionless numbers are defined as Bo=ρgrc

2⁄σ 
and Ca=μu⁄σ. By inserting Equation 8 in Equation 3, the 
following equation is found that relates critical fracture 
aperture to wettability and dynamic flow parameters:

1 30.510.674(1 1.37 )(( ) 0.42( ) )
Dc

Cab
Bo Bo

θ= + +                            (9)

where bDc=bc/rc is dimensionless critical fracture aperture. 
Equation 9 states the maximum fracture aperture that could 
retain a stable liquid bridge formed from a liquid thread at 
its critical condition. In Figure 15, the dimensionless critical 
fracture aperture is presented as a function of the critical Bond 
number and Capillary number at a constant contact angle. 



S. Dahim et al. Journal of Petroleum Science and Technology 11(4): 32, 2021, 2-13
11

Fig. 15 Dimensionless critical fracture aperture as a function of 
capillary number for different values of critical Bond number.

In a given Bond number, critical fracture aperture is invariant 
with a capillary number for capillary number values less than 
about 0.001. On the other hand, Bond number, the ratio of 
surface tension to gravity force, affects the critical fracture 
aperture noticeably. As shown in Figure 15, dimensionless 
fracture aperture decreases with an increase in Bond number, 
which indicates that surface tension facilitates the stability 
of the liquid bridge, whereas gravity deteriorates its stability. 
Because the capillary number is usually smaller than 10-5 
under reservoir conditions, and the Bond number ranges 
between 0.01 and 10, the Capillary to Bond number ratio is 
trivial [47]. Therefore, by ignoring the Ca/Bo term, Equation 
8 is simplified to:

1 3
0.674(1 1.37 )

Dc
b

Bo
θ+

=                                                     (10)

Using Equation 10, dimensionless critical fracture aperture 
versus contact angle for different values of Bond number 
is depicted in Figure 16. This figure again emphasizes that 
lower wetting tendency of the fracture surface, i.e. greater 
contact angles, improves bridge stability while increasing 
Bond number negatively affects bridge stability. Estimation 
of flow velocity into a single liquid thread is practically 
impossible. Thus, Equation 10 has superiority over Equation 
9 since it does not need the value of the Capillary number. 
Hence, Equation 10 could provide an initial estimation 
of critical fracture aperture that only needs contact angle, 
contact radius and liquid properties.  

Fig. 16 Dimensionless critical fracture aperture as a function of 
contact angle for different values of critical Bond number.

Conclusions
In this study, the stability and capillary pressure of liquid 
bridges are investigated via laboratory experiments and 
mathematical modelling. The obtained experimental results 
are analyzed to interpret critical fracture aperture and 
fracture capillary pressure. The main finding of this study are 
summarized as follows:
• It has been found that the critical fracture aperture of a static 
liquid bridge is linearly proportional to the contact angle and 
the third root of liquid volume. Accordingly, a new expression 
is developed to predict the stability of static liquid bridges in 
fractures that predict the experimental results very well. 
• A new method to evaluate the fracture capillary pressure 
from the experimentally measured profile of a liquid bridge 
was proposed based on the exact solution of the Young-
Laplace equation. 
• The results showed that fracture capillary pressure might be a 
positive or negative value depending on the fracture aperture. 
Only nodoid shaped liquid bridge with a neck yields positive 
capillary pressure that is responsible for capillary continuity. 
In addition, the fracture capillary pressure increases by 
decreasing fracture aperture for the whole range of bridge 
volume and wettability conditions. 
• Calculations of capillary force showed that instability of 
liquid bridges occurs at small negative values of capillary 
force where still some attraction force exists. 
•Using the 1D model of liquid dripping, a semi-analytical 
equation is obtained to predict critical fracture aperture, 
including gravity, viscous, surface tension, and wettability.
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