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Abstract

Entropy analysis, along with convective heat transfer within rotating cylinders of the annulus, is presented using a
purely analytical approach for Giesekus rheological model. Two different types of boundary conditions are considered: (a) the constant and different temperature at walls, (b) constant heat flux at the outer wall, and constant temperature at the inner wall. Also, the derived velocity and temperature profiles are coupled in the entropy equation for
obtaining the volumetric entropy-generation and the Bejan number expressions. Moreover, the effects of Deborah
number (De), mobility factor (α), group parameter (Br/Ω), Brinkman number (Br), and velocity ratio (β) on the above
parameters are investigated. Ultimately, results indicate that increment of Brinkman number and group parameters
increases irreversibility except when both cylinders rotate with identical angular velocity in the same direction.
Key words: Entropy Generation, Giesekus Constitutive Equation, Bejan Number, Analytical Solution, Rotating
Cylinders.
Introduction
Cylindrical annular space geometry is frequently
encountered in industry and engineering equipment such
as electronic packages, electrical equipment, industrial
heat exchangers, and petroleum drilling equipment [1].
Therefore, the annular flow geometry has always been
investigated in many studies from the past to the present
[1-9].
The flow that is induced by relative rotating motion
inside an annulus has many engineering applications
such as in the swirl nozzles, chemical and mechanical
mixing equipment, journal bearings, electrical motors,
and commercial viscometers [10]. A nonlinear
viscoelastic model using molecular ideas based on threeparameters of the relaxation, retardation times, and a
mobility factor, has been developed by Giesekus [11].
This model has advantages over many other models.
For example, this model can describe the reasonable
complex and elongational viscosity or power-law
regions for viscosity and normal-stress coefficients. It
can also predict the shear thinning and shear viscosity,
non-exponential stress relaxation, finite asymptotic value
for extensional viscosity, and start-up curves. Therefore,
many rheological characteristics of polymeric solutions
and other liquids could be reproduced by the Giesekus
model.

The hydrodynamics and convective heat transfer of
Giesekus fluid in an annulus with both cylinder rotation
are done by Jouyandeh et al. [12,13]. The analytical
equations of viscometric functions were derived, and
their solutions compared with experimental data [12].
Their results showed that the viscometric functions
decreased by increasing the elasticity of fluid. Also, in the
other work which has been carried out by them [13], the
convective heat transfer of this problem for isothermal
boundary conditions by pure analytical method was
investigated. Also, for the constant temperature boundary
conditions, two cases of different and identical wall
temperatures were considered. According to the study, it
was found out that the Nusselt number was independent
of viscous dissipation for the identical wall temperature
case.
Cost reduction is the main objective of the engineering
system, and enhancement of thermodynamics efficiency
means optimizing the system economically. For this
purpose, the rate of thermodynamics irreversibility or the
lost available work ( I ) should be reduced. Moreover,
lost available work ( I ) is obtained using the following
equation (Equation 1) [14]:
I W − W ,
(1)
=
rev
real
The thermodynamics irreversibility rate is a direct
function of the entropy generation rate that can be
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obtained by [14]:
I = T S .
ref gen

(2)

Therefore, the thermodynamics irreversibility decreases
with the reduction of entropy generation rate, and the system
will be optimized. Entropy is generated in all heat transfer
systems. Furthermore, different sources cause the generation
of entropy, such as heat transfer across a finite temperature
gradient, characteristics of convective heat transfer, and
viscous effects. In this respect, the entropy generation
number and irreversibility distribution ratio were introduced
in “fundamental convective heat transfer” by Bejan [15].
Also, the second-law analysis in heat transfer and thermal
design for minimizing irreversibility is investigated by
Bejan [16]. Analysis of entropy in a concentric annulus with
outer cylinder rotation and different constant temperature
boundary conditions was presented by Yilbas [17] for a
Newtonian fluid. Moreover, the second law analysis in
rotating cylinders annuli for the Newtonian fluid was studied
by Mahmud and Fraser [18,19] analytically. In addition,
both isoflux and isothermal boundary conditions were used
by them. Furthermore, the entropy generation in channel
and pipe for non-Newtonian fluids with isoflux boundary
conditions was also analyzed by them [20]. The analytical
expressions for velocity, temperature, and entropy generation
were derived in rotating annulus by Mahian et al. [21] for
MHD flow with isothermal boundary conditions. Also,
similar problems but for mixed convection and both isoflux
and isothermal boundary conditions were solved by Mahian
et al. [22,23]. For non-Newtonian fluid, entropy analysis
in rotating annulus for a third-grade fluid with isoflux
boundary conditions and using the perturbation method
was presented by Kahraman and Yurusoy [24]. Also, for a
third-grade fluid, entropy generation in a fully developed
axial annular flow with isothermal boundary conditions was
studied by Yilbas et al. [25]. Also, this problem was carried
out with variable viscosity by Yurusoy et al. [26]. Second
law analysis for viscoelastic fluid is scarce. The analytical
expressions for temperature, entropy generation number
and Bejan number with isothermal and isoflux boundary
conditions for sPTT viscoelastic fluid in rotating cylinders
were obtained by Mirzazadeh et al. [27]. Also, the entropy
analysis for Giesekus viscoelastic fluid was investigated by
Moayed and Rashidi [28]. In addition, a fully axial annular
flow using an analytical approach was developed for both
isothermal and isoflux thermal boundary conditions by
them. . Furthermore, a mathematical model by homotopy
perturbation method for Jeffery viscoelastic nanofluid
passing in an eccentric asymmetric annuli was developed by
Riaz et al [6]. In addition to heat transfer, mass transfer is
also effective in the entropy generation in their model. The
entropy generation on the asymmetric peristaltic propulsion
for Williamson non-Newtonian fluid was also investigated by
Riaz et al [29]. Moreover, the presented model is formulated
under the approximation of small Reynolds number and long
wavelength ofthe peristaltic wave. A regular perturbation
method for solving momentum and heat transfer equations
was employed by them. To the best of our knowledge, the
second law analysis for Giesekus fluid in rotating annulus
with both cylinders’ rotation has not been yet investigated.
Hence, an analytical approach to this problem in the present
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study was presented. The governing equations of momentum
and energy in the presence of viscous dissipation are solved
analytically, and subsequently, the expressions for nondimensional entropy generation number due to fluid friction
and heat transfer, irreversibility distribution ratio, and Bejan
number are derived.
The first and fourth kinds of thermal boundary conditions
are considered in this study. In the case of the first kind, the
temperatures at both the walls are constant, for example, in
a two-fluid heat exchanger when the phase-change (boiling
or condensation) occurs at both tubes. In the case of the
fourth kind, one constant wall heat flux is specified, and the
other wall is at a constant temperature. If one of the tubes
undergoes the phase change, and on the other, one of the
fluid flows has the same capacity rate with thin-walled tubes,
the thermal boundary conditions will be the fourth kind.
These thermal boundary conditions are common in the many
thermal processing applications; therefore, they have been
employed in extensive studies [19,27,30-32].
Physical Model and Mathematical Formulation
The schematic of the problem under investigation is shown in
Fig.1. The flow is considered to be steady-state, laminar, and
purely tangential in a concentric annulus. Relative rotational
motion between both cylinders induces the flow. The outer
and inner cylinder radiuses are shown respectively with Ro
and Ri, Π is the radius ratio (Ro/Ri), and the annular gap is
defined as δ=Ri (Π-1).

Fig. 1 Schematic view of an annular under consideration.

Two different cases of boundary conditions are considered
as below:
r = Ri ,
T = Ti ,
V=
(3)
θ R i ωi ,
q
∂T
or
(4)
= o.
T
=
T
,
V=
R
ω
,
r=R ,
o
θ
o o
o

∂r

k

ωi and ω0 are the inner and outer wall angular velocity
respectively.
The energy equation by assuming viscous dissipation and
neglecting axial heat conduction can be written as:
k ∂  ∂T 
d V 
+ τ rθ r  θ  =0,
r
(5)
r ∂r  ∂r 
dr  r 
By employing non-dimensional quantities, the energy
equation can be written as follows:
1 ∂
∂Θ
Br * * ∂ Vθ*
(R *
)+
( )=
0.
τ rθ R
*
*
*
Π −1
R ∂R
∂R
∂R * R *

(6)

The hydrodynamic non-dimensional quantities are as follows:
r
V
τ
R* =
,
Vθ* = θ ,
τ*rθ = rθ ,
..
Ri
uc
η uc δ
where uc is the characteristic velocity of the inner cylinder
R i ωi ).
( u=
c
The thermal non-dimensional quantities are different between
the two thermal boundary conditions.
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where both cylinders are isothermal, the non-dimensional
temperature and Brinkman number are as follows:
Θ=

T − Ti
, (7a)
To − Ti

Br =

ηu c 2
,
k(To − Ti )

(7b)

And where the outer cylinder is isoflux, and the inner
cylinder is isothermal, these non-dimensional quantities are
as follows:
ηu c 2
T − Ti
Br =
.
(7d)
Θ=
, (7c)
qR i
q Ri k
Br is the Brinkman number, which is a measure of the
importance of the viscous dissipation.
Also, the non-dimensional form of boundary conditions can
be written as follows:

R * = 1,
R * = Π,

Vθ* = 1,
Vθ*

= β,

Θ =0,
Θ =1, or

∂Θ
= 1.
∂R *

(8a)
(8b)

β is velocity ratio and defined as the velocity at the outer
cylinder to the inner cylinder, β = Roω o Ri ω i
Analytical Solution
Hydrodynamics constitutive equation

The Giesekus model, which is used as a rheological model is:
αλ
( τ.τ) + λτ(1) = 2ηD,
η

(9)

2D = γ = [∇υ + (∇υ)T ],

(10)

τ+

where

τ=
(1)
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τ*wi

α −1
C1 =
1−
(
−
Π − 1 2(1 − αDe2 τ*wi 2 )

Hydrodynamic Solution

The non-dimensional form of momentum equation could be
written as:
(13)

2Deτ*wi

),

(15)

(16)

In these equations, De is the Deborah number that is defined
as ( λu c δ ), and De represents the level of fluid elasticity and
τ*wi is non-dimensional shear stress on the inner wall of the
annulus.
For a Newtonian fluid, the following equations are obtained
by Mahmud and Fraser [19]:

Vθ*
τ*wi
=
−
+ C1 ,
R*
2R *2 ( Π − 1)

(17)

2 Π ( Π − β)
,
Π +1

(18)

τ*wi =
−

τ*wi
(19)
.
2( Π − 1)
If α and De tend to zero then the rheological properties of
Giesekus fluid is approaching the Newtonian.
C1 = 1 +

First Law Analysis
By substituting velocity profile and shear stress from Eqs. (14
and 16) in Eq. (6) and then integrating them, the following
expression for non-dimensional temperature is obtained:

(12)

τ, λ and η are the stress tensor, zero shear relaxation time,
and zero shear viscosity respectively [33]. Also, α is another
model parameter which is called mobility factor and
represents anisotropic Brownian motion and/or anisotropic
hydrodynamic drag on the constituent polymer molecules
[34]. Giesekus [11] discuses about and shows it is required
that 0 ≤ α ≤ 1

1
)
α Deτ*wi

And shear stress τ*rθ is derived [12] in as follows:
τ*
.
τ*rθ =wi
R *2

ϑτ Dτ
=
− {τ.∇υ + (∇υ)T .τ},
(11)
ϑt Dt
=
Θ

Dτ ∂τ
=
+ ( υ.∇) τ.
Dt ∂t

α arctan h(

−

 R *2 

α Brτ*wi 
R *2  
PolyLog
2,
−
PolyLog
2,
−





 X 

X  
8De( Π − 1)2 



Brτ*wi ( α − 1)

 R *2 − X 
*
Log
 *2
 + C2 Log(R ) + C3 .
R
X
+
8 α De( Π − 1)2



(20)
and C2 and C3 are Integral constants which
where X =
can be obtained by imposing boundary conditions as follows:
α Deτ*wi

C −1
C2T =
− 3
+
Log( Π )
Brτ*wi [( α − 1)Log(

Π2 − X
Π2
Π2
) + α(PolyLog[2, −
] − PolyLog[2,
])]
2
X
X ,
Π +X
8 α De( Π − 1)2 Log( Π )

(21)

By integrating from Eq. (13), the velocity profile is derived
as:
Vθ*
*

τ*wi

*2

R ( α − 1)
=
−
(
*4
Π − 1 2(R − αDe2 τ*wi 2 )
R

α arctan h(

R *2
)
α Deτ*wi

2Deτ*wi

) + C1 .

(14)
where C1 is the constant of integration and is obtained by
putting boundary condition Eq. (8-a) in Eq. (14) as follows:

C3T = −

Brτ*wi

8 α De( Π − 1)2

×


1
 1− X 

 1 
( α − 1)Log 
 + αPolyLog  2, − X  − αPolyLog  2, X   ,
1
+
X








(22)

Brτ*wi 2
C2q =
Π 1 +

2 Π ( Π − 1)2


 2
 Π ( α − 1) −
 Π4 − X2


(

)

α arctan h Π 2 X  
 ,

Deτ*wi
 

(23)
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C3q =

Brτ*wi
8 α De( Π − 1)

2


1
 1− X 

 1 
+ αPolyLog  2, −  − αPolyLog  2,   .
( α − 1)Log 

X
1+ X 

 X 

(24)
For the Newtonian fluid (α and De=0), Θ and its constants
for the two types of boundary conditions become as follows
(Equations 25 to 27) [27]:

Θ N =−

BrΠτ*wi (β
*

− Π)
+ C2 Log R * + C3 .
2
2R ( Π + 1)( Π − 1)

( )

C2T =

−1 − Brβ2 + 2BrβΠ + Π 2 − BrΠ 2
,
( Π 2 − 1) Log ( Π )

C3T =

BrΠ 2 (β − Π )2
,
( Π 2 − 1)2

(25)

(26)
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termines the relative importance between viscous dissipation
and heat conduction effects.
By substituting non-dimensional temperature and velocity
profile in Eq. (32), the entropy generation number (Ns) for
both boundary conditions is derived as:

F4 + F5 + F6 + F7 
1 
 F2 + F3 +
,
64 
F8

1
= F1 +
( F2 + F3 + F9 ) .
64

N sT = F1 +

(33)

N sq

(34)

Descriptions of terms F1, F2 etc are given in the Appendix.
F1 is fluid friction contribution which is unchanged for both
thermal boundary conditions because the flow and thermal
fields are independent of each other.
Fluid versus heat transfer irreversibility
The first term in Eq. (32) which is due to heat transfer is
shown as NR, and the second term which is due to fluid friction as NF.
2

2

3

4

5

− Brβτ*wi
2

Π −Π −Π +Π
Π ( Π + 1)( Π − 1)

C2q =
C3q =

+ BrΠτ*wi

 dΘ 
NR =  *  ,
 dR 

,

NF =

BrΠτ*wi (β − Π )
.
( Π + 1)( Π − 1) 2

(27)

Second Law Analysis

The general equation for the entropy generation per unit volume SG (Wm-3k-1) is given by Bejan [35]:
SG =

k
Φ
2
∇T ) + ,
2 (
Ti
Ti

(28)

The viscous dissipation term (Φ) is defined as:

d V 
Φ = τ rθ r  θ  ,
dr  r 

(29)

By substituting from Eq. (29) into Eq. (28), the entropy can
be obtained as following form:
=
SG

2

τ
k  dT 
d  Vθ 
+ rθ r
.

2 
Ti dr  r 
Ti  dr 

(30)

The terms of Eq. (30) from left to right represent entropy
generation due to the heat transfer and the viscous dissipation respectively. To better illustrate the problem, the non-dimensional entropy generation number (Ns) is employed. The
entropy generation number is the ratio of volumetric entropy
generation and the characteristic entropy generation (SG,c).
According to Bejan [15, 16], the characteristic entropy generation (SG,c) for isothermal and isoflux conditions are:
 k(To − Ti ) 
SG,c = 
,

2 2
 ri Ti
 Isothermal

 q2 
SG,c = 
, (31)
2 
 kTi  Isoflux

The relevant definition for entropy generation number is:
=
Ns

2

SG
Brτ*rθ
d  Vθ 
 dΘ 
=
+
R*


.
* 
Ω( Π − 1)
SG,c  dR 
dR *  R * 

(32)

In Eq. (32), is the non-dimensional temperature difference.
For the isothermal case it is defined as ∆T Ti also the isoflux
case Ω =qR i kTi . Also, Br Ω is a group parameter that de-

(35-a)

Brτ*rθ
d  Vθ 
R*

.
Ω( Π − 1)
dR *  R * 

(35b)

The ratio of entropy generation due to heat transfer to total
entropy generation is called Bejan number (Be) which presents the irreversibility distribution and can be defined as follows [36]:

Be =

NR
.
NR + NF

(36)

The Bejan number ranges from 0 to 1. When Be=0, the total generated entropy is arising from fluid friction, and when
Be=1 means that the total entropy is produced just by heat
transfer. For the same contribution of heat transfer and fluid friction to irreversibility, Bejan’s number is equal to 1/2.
By using Eqs. (33 and 36), the following equation for Bejan
number in the case of isothermal boundary conditions is obtained as follows:

BeT =

F4 + F5 + F6 + F7 
1
 F2 + F3 +

64 
F8

F +F +F +F 
1
F1 +  F2 + F3 + 4 5 6 7 
64 
F8


,

(37)

Also, the Bejan number for isoflux boundary condition is derived by substituting Eq. (34) in Eq. (36) as follows:
1
( F2 + F3 + F9 )
64
Beq =
.
(38)
1
F1 +
( F2 + F3 + F9 )
64
Global Entropy Generation
The volumetric average entropy generation rate ([Ns]av) is
defined:
=
[ N s ]av

∫

1
1
=
Nsd ∀
∀
∀

∫

N s r dθ dr dz,

(39)

By substituting Eqs. (33 and 34) in Eq. (40) and then integration, the average entropy generation rate can be obtained.
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Π

[ N s ]av

=

2
Π2 − 1

∫

N s R * dR * .

(40)

1

Numerical integration is used for determining the average
entropy generation rate.
Validation
Due to the simple rheological model of Newtonian fluids,
the obtained equations for hydrodynamics and heat transfer
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solutions of Newtonian fluids can be followed easily. The
Giesekus model becomes simple to Newtonian by setting α
and De as zero. Therefore, one should expect that the results
obtained for Giesekus fluids tend to those of Newtonian when
and De have very small values. This is a way for validation
results of complex fluids. The results of Newtonian fluid for
velocity and temperature profiles also entropy generation and
Bejan numbers, which are reported in [19,27] are compared
with the results of this study. As seen in Fig. 2, there is high
compliance between the results obtained by two solutions.

Fig. 2 Comparison between Giesekus model at De=0.01 and α=0.05 in this study and Newtonian fluid for a-Velocity profile in [19] at Π=5
and β =1 b-Temperature profile in [27] at Π=2, β =1, and Br=6 c-Entropy generation number in [27] at Π=2, β =0, and Br=1 d- Bejan number in [27] at Π=2, β =1, and Br=6 and Br/Ω.

Results and Discussions
In Fig.3a, the non-dimensional temperature profiles for
isothermal boundary conditions with different Brinkman
numbers are shown. The temperature profiles are nearly linear
in shape for rather small values of Brinkman numbers, but
for Br >2, they exhibit a maximum value within the annular
gap. The reason for this happening is argued as follows: by
increasing Brinkman’s number, the viscous dissipation effect,
and thereby internal generated heat increases, which causes
an increase in temperature, but the wall temperature is fixed.
Thus, at Br>2, the fluid temperature will become higher than
the warmer wall temperature, and a maximum is observed. The
maximum point is important because the entropy generation
due to heat transfer is zero (Be=0) at this point.
In Fig. 3b, a non-dimensional temperature profile at different

values of Deborah number (De) is illustrated. By increasing
elasticity due to the shear-thinning behavior of Giesekus
fluid, the effect of viscous dissipation decreases. In the high
values of De, viscous dissipation is negligible, and therefore,
the fluid temperature starts to warm monotonically from
the inner cylinder to the outer one. But in an insignificant
value of elasticity (e.g. De=0.1), the viscous dissipation
effect is significant, and a maximum value of temperature
profile can be observed within the annular gap. The effects of
Brinkman number (Br) and Deborah number (De) on the nondimensional temperature for isoflux boundary conditions are
shown in Figures 4a and 4b, respectively. By increasing Br,
the temperature gradient increases similar to the isothermal
case, and elasticity increase acts similar to Brinkman number
decreasing.

M. Moayed Mohseni
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friction is increased. As seen in Fig. 5, the values of Ns in the
inner wall are higher than the outer wall because of the high
gradient of temperature as well as the velocity gradient near
the inner wall.

Fig.5 Entropy generation number at different group parameter for
II=2, α=0.2, β=0, De=0.1 and Br=1.

Fig. 3 Temperature profiles for isothermal boundary condition in
Π=2, α=0.2 and β=0 for a) Different Brinkman numbers at De= 0.1.
b) Different Deborah numbers at Br=6.

In Fig. 6, the effect of velocity ratio (β) on entropy generation
number for the two boundary conditions is shown. The
behavior is the same for both conditions, except for the
magnitude of Nsq, which is larger than NsT. By increasing
β value, the entropy generation number near the inner wall
is reduced. Because by increasing velocity ratio (β),the
velocity gradient is decelerated, and thereby, NF is reduced.
Moreover, decreasing the velocity gradient according to
Equation 6 decreases the temperature gradient, and thereby
NR is reduced. However, this variation is less significant for
the central and outer regions of annulus. Profiles approach
each other around R*=1.8.

Fig. 6 Entropy generation number at different velocity ratios for
II=2, α=0.2, Br/Ω=1, De=0.1 and Br=1.

Fig. 4 Temperature profiles for isoflux boundary condition in Π=2,
α=0.2 and β=0 for a) Different Brinkman number at De= 1.
b) Different Deborah numbers at Br=4.

In Fig. 5, the effect of group parameter (Br/Ω) in the range
of 0 to 1 on entropy generation numbers (NsT, Nsq) is shown.
Increasing group parameter induced a raise of entropy
generation number (Ns) because entropy generation of fluid

In Fig. 7, the entropy generation numbers (NsT and Nsq) for
different values of Deborah number (De) is shown. Declining
trends in NsT and Nsq are due to the shear-thinning behavior
of Giesekus fluid. Increasing the elasticity will decrease
the viscose dissipation effect and temperature gradient.
Therefore, both entropy generations, due to the heat transfer
(NR) and fluid friction (NF) contribution, decrease.
In Fig. 8, variations of BeT with R* are given for different
values (0-1) of group parameters. The maximum value of the
Bejan number occurs at Br/Ω=1 (i.e., one), which implies
that entropy generation due to fluid friction is zero.

M. Moayed Mohseni

8

Journal of Petroleum Science and Technology 10 (2020) 1-11

Fig. 7 Entropy generation number at different Deborah numbers for
Π=2, α=0.2, Br/Ω=1, β=0 and Br=1.

Fig. 9 Bejan number at different velocity ratios for Π=2, α=0.2, Br/
Ω=1, De=0.1 and Br=4.

Fig. 8 Bejan number at different group parameters for Π=2, α=0.2
and β=0, De=0.1 and Br=4.

Fig. 10 Bejan number at different Brinkman numbers for Π=2,
α=0.2, Br/Ω=1, β=0 and De=0.1.

Bejan number decreases by group parameter growth that
indicates an increase in viscous dissipation contribution to
entropy generation. All profiles show a minimum point inside
the annular gap due to the existence of a maximum point
in the temperature distribution. At maximum temperature,
the temperature gradient is zero (∂Θ/∂R*=0), and thereby
NR equals 0 (NR =0). Hence, in R*=1.51, all of the group
parameter profiles have Be=0, which shows at this point,
only fluid friction produces the entropy.
In Fig. 9, BeT as a function of R* for the various value of
velocity ratio (β) is shown. Because of higher temperature
and velocity gradients near the inner wall, the maximum
value of irreversibility due to heat transfer for all values of
occurs on the inner wall. It is also apparent that all profiles
intersect with each other around R* ≈ 1.2. At this point, where
β ≤ 1, all profiles have the same contribution of heat transfer
to entropy generation. Furthermore, the location of this point
changes by a change in the Brinkman number. The minimum
value of profiles, which shows the dominant contribution of
fluid friction to entropy generation, shifts towards the outer
wall by increasing . This minimum occurs in the outer wall
at β =1.
In Fig. 10, the Bejan number (BeT) profile for different
values of Br is shown. As stated in section 4.1 for Br < 2
and in this case for Br=1, the Bejan profiles don’t show any
minimum points because in temperature distribution, no peak
is observed. The profiles intersect each other around R*=1.35
where the heat transfer contribution of total generated entropy
is the same for all Brinkman numbers.

As can be seen for the reduction of the Brinkman number, the
minimum point shifts towards the outer wall.
In Fig. 11, the effect of fluid elasticity (De) on the Bejan
number (BeT) is shown. For small values of fluid elasticity,
the Bejan number drops through the annular gap, and after
reaching a minimum at BeT=0, again, it increases towards the
outer cylinder and the minimum point shifts toward the outer
wall by increasing elasticity. But for higher values of elasticity,
there is no minimum inside the annular gap because of the
absence of a maximum point in the temperature distribution.

Fig. 11 Bejan number at different Deborah number for Π=2, α=0.2,
Br/Ω=1, β=0 and Br=6.
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In Fig. 12, the effect of group parameter (Br/Ω) on the
average entropy generation rate ([Ns]ave) for the isothermal
case is displayed. By increasing the group parameter, [NsT]
increases. A minimum point at β=2 is observed, the
ave
magnitude of this point equals to [NsT]ave ≈ 0.9618, for all
values of Br/Ω.
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A similar result has been reported by Mahmud and Fraser
[19] for Newtonian fluid and Mirzazadeh et al. [27] for sPTT
fluid. The minimum average entropy generation rate ([NST]
av, min, and ([NSq]av,min) as a function of Π is plotted in Fig.
14. Moreover, the minimum average entropy generation
rates at Π=1.763 are the same and equal to 1.678 for both
boundary conditions.

Fig. 12 Average entropy generation profiles for different group
parameters for Π=2, α=0.2, De=0.1 and Br=1.

Average entropy generation is plotted in Fig. 13 versus β
for various values of Brinkman number. By increasing Br,
average entropy generation rate increases. Similar to Fig. 12,
for each Br, profiles are symmetrical around β=2.

Fig. 14 Minimum average entropy generation profiles.

In Fig. 15, the distribution of average entropy generation
rate as a function of Deborah number at different mobility
factors (α) for isothermal boundary condition is shown. By
increasing elasticity (α and De), [Ns]ave decreases due to the
shear-thinning behavior of Giesekus fluid.

Fig. 13 Average entropy generation profiles at different Brinkman
numbers for Π=2, α=0.2, De=0.1 and Br/Ω=1.

According to Figs. 12 and 13, the location of the minimum
point of profiles is independent of Brinkman number (Br)
and group parameter (Br/Ω), and for Π=2 it is at β=2 for both
figures. In other words, this minimum point occurs when
β=Π. At this point, no relative angular motion exists between
the inner and outer cylinders (i.e. ωi= ω0). In fact, the annulus
and the contained fluid act as a rotating solid body. At this
condition, the shear stress (τ*rθ or τ*wi) and the entropy generation due to viscous dissipation is zero.
By substituting τ*wi=0, in Equations 33 and 34 and then by
putting them in Equation 40 and integrating, the following
equations for the minimum average entropy generation rate
([NS]av,min) can be obtained:
(41)

Fig. 15 Average entropy generation profiles at different Brinkman
numbers form Π=2, Br=1, β=0 and Br/Ω=4.

Conclusions
The entropy analysis and convective heat transfer of Giesekus
viscoelastic fluid were studied in a gap between two rotating
cylinders. Two different types of boundary conditions are
considered: (a) the constant and different temperature at
walls, (b) constant heat flux at the outer wall, and constant
temperature at the inner wall. The governing equations
are solved by the analytical approach, and subsequently,
the expressions for non-dimensional temperature, entropy

M. Moayed Mohseni

generation, and Bejan numbers are derived, and then the
effects of elasticity and viscous dissipation parameters
along with the geometric parameter are investigated on
them. The entropy generation rates (Ns) in the inner wall are
higher than the outer wall because of the high gradient of
temperature and velocity near the inner wall. By increasing
the group parameter (Br/Ω) and Brinkman number (Br), the
entropy generation number is increased; therefore, they are
the undesirable parameters for the system and increase the
operating cost of the system. But increment of fluid elasticity
(De and α) and velocity ratio (β) decreases the entropy
generation number and, consequently, operating cost; thus,
they are the desired parameters for the system. Moreover,
all the Bejan number profiles show a minimum point inside
the annular gap due to the existence of a maximum point in
the temperature distribution. Also, the maximum value of the
Bejan number is one. It indicates that there is no contribution
of fluid friction to entropy generation, and the minimum value
of the Bejan number is zero, which indicates that the entropy
generation is only influenced by fluid friction. Ultimately,
according to this study, it is found out that the location of
the minimum average entropy generation rate depends only
on the velocity ratio (β) and occurs at β=Π where no relative
angular motion exists between two cylinders.
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ρ: Fluid density (kg/m3)
Π: Radius ratio (R0/Ri)
Θ: Non-dimensional temperature
τ: Stress tensor (Pa)
Ω: Non-dimensional temperature difference
ω: Angular velocity (Rad/s)
∀ : The volume of the annular gap (m3)
Superscripts
T: Transpose of tensor
*: Refers to non-dimensional quantities
Subscripts
av: Refers to the average value
i: Refers to the inner cylinder
o: Refers to the outer cylinder
w: Refers to wall value
Appendix

F1 =

Br τ*wi 2  R *4 + X 2 (1 − 2α) 

,
Ω ( Π − 1)2  (R *4 − X 2 )2 

Nomenclatures
Capital Letters

Be: Bejan number
Br: Brinkman number
C: Integration constant
De: Deborah number (λuc/δ)
NF: Entropy generation number; fluid friction contribution
NR: Entropy generation number; radial heat transfer contribution
NS: Entropy generation number; total
R: Radius (m)
SG: Entropy generation rate, Watt/m3.K
SG,c: Characteristic entropy generation rate
T: Temperature (K)
V: Velocity (ms−1)
Lowercase Letters

Cp: Specific heat at constant pressure (g/Kg.K)
k: Thermal conductivity (watt/m k)
q: Heat flux (w/m2)
r: Radial coordinate (m)
t: Time (s)
uc: Characteristic velocity
Greek Symbols
α: Mobility parameter of Giesekus
β: Velocity ratio (ω0 R0 / ωi Ri)
δ: Annular gap (R0-Ri)
Φ: Viscous dissipation function
γ : Shear rate tensor (s−1)
η: Zero shear viscosity (Pa s)
φ: The ratio of outer and inner wall heat fluxes
Φ: Viscous dissipation term
ϑ: Convected derivative
λ: Zero shear relaxation time (s)
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